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Congruences of Voronoi’s type for Bernoulli numbers are proved via Bernoulli 
distributions and connections to some already known congruences of a similar type 
are briefly discussed. 
There are many papers devoted to congruences involving Bernoulli 
numbers and related to the following result due to Voronoi [6] (or see [ 5 1): 
If% = PzJQw with relatively prime P,, and Qzk, is the 2kth Bernoulli 
number (in the even index notation) then 
N- 1 
(aZk - l)pzkr 2kazk-‘Qzk \’ sZkp’ ; [ 1 mod N s=* 
for an arbitrary modulus N and a relatively prime to N. 
For some of the references to contributions in this area we refer the reader 
to [ 1 ] or [4]. The common background for many of these congruences is the 
distribution property of Bernoulli polynomials 
k k 
Bk(X) = \‘ 
,ZQ 0 .i 
Bk--,iX’. 
Consequently, the proof of the following extension of the original Voronoi’s 
conguence via Bernoulli distributions is perhaps to be expected: 
* The work on this paper was finished during the author’s stay as a Fellow of the Alex- 
ander von Humboldt Foundation at Fachbereich Mathematik of J. W. Goethe Universitlt in 
Frankfurt am Main, FRG. 
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Given a positive integer N and a rational number c prime to N (i.e., 
denominator and numerator of c are relatively prime to N) then 
and 
mod N (1) 
c-l N-l 
zNB2k z 2 sZk 
s=l 
mod N (2) 
for all k = 1, 2, 3 ,... (see [4]). 
It should be mentioned that the technique of proof of [4] leads to the 
congruence 
B,, c~~-c’~-’ 2k-1 
(cZk- l)z+ 2 . -N2 - B2k-2 
2 
N-l 
rc 
2k-I v S2k-l St? 
L [ 1 Iv mod N s=l (3) 
for k = 2, 3,... . This means that congruence (1) can be replaced by the 
congruence 
mod N (4) 
provided N is odd, or N(c - 1) 3 0 mod 8 if N is even. This removes the 
commonly appearing restriction p - 1$2k, which is necessary to impose 
upon the index 2k if congruence (4) is derived from the original Voronoi’s 
congruence and N = p, a prime number. This restriction appears also in 
Theorem 5 [l], though Johnson’s proof is based on different ideas. However, 
this is not the case in the following congruence, also proved by Johnson ([ 1, 
Theorem 81): 
If p is a prime number such that p - 1%2k - 2 and b an integer with 
2 < b < p - 1 then 
2k- 1 
----pb 
2k-2 
2 
modp2. (5) 
Then aim of this paper is to show that a refinement of the idea of [4] leads 
to the following generalization of Johnson’s congruence (5). 
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THEOREM. Given a positive integer N and a rational number c prime to 
N, then 
(cZk - 1) 2 + y czk-*(c2 - I)N2B2k-2 
+ 
c*yc- l)(c- 2) N4B 
24 
*k-4 = c 
2k- 1 N-l cx *-___ 
2 
NC2k-2 v X2k-2 
i 
x=1 [ 1 N mod N* 
for k = 4, 5,6,... and 
C 
2k+l _ 1 
2 N&k + 
czk-‘(c - 1)(2c + 3) 
12 
N3B 
2k-2 
N-l 
I x*k ; [ 1 
N-l 2 
SC 
2k \’ -kc2k-‘N h7 X2k-2 mod N* 
for k = 3,4, 5 ,... . 
Before proving the theorem, we give two lemmas. The first of them is 
standard, and therefore its proof is omitted. (It can be proved, for instance, 
in a manner similar to the proof of Lemma 1 of [4].) 
LEMMA 1. Let k > 3 and N be positive integers. Then 
N-l 
F’ x 
Zk-I = 2k-1 N*B,,-,+ N4 
2 
4 BzkP4 mod N* 
and 
N-l 
‘i’ x*~ E NB,, + 
x:1 
mod N*. 
In the sequel we shall follow the terminology and notation used in [2]. So, 
for instance ELMi denotes the regularized Bernoulli distribution, where c z 1 
is a rationa; number prime to N. Further, if D(k) denotes the least common 
denominator of the coefficients of the polynomial Bk(X), then ([2, p. 381) 
Egyx) E xk-‘E\~(X) 
M 
- 
mod kD(k) ’ 
for x E ZIMZ. 
(6) 
The next lemma extends this congruence, though not in an explicit 
manner. 
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LEMMA 2. For every x = 0, l,..., A4 - 1 and k > 2 we have 
EI;z”c’(x) E xk-*(k - 1) @l”,‘(x) - xk-‘(k - 2) E3x) 
mod(M*/kD(k) Z [c, l/c]. 
ProoJ: We introduce the function 
h,(x) = c (fI+;) 
(here (t) denotes the least non-negative number in the class t mod Z). Conse- 
quently, 
($-&=c-’ (;+h,(x)) 
for x = 0, l,..., A4 - 1. Therefore 
To conclude the proof of the lemma, it is sufficient to express (7) in terms of 
the functions E!?(x) and E\::(x). 
Proof of the theorem. Given N and k, put 
d= n pord,(kD(k)). 
PIN 
Then kD(k) = de D with (D, N) = 1 and (c, Nd) = 1. 
The case c = 1 is trivial and therefore henceforth excluded. 
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Because of the distribution property of the function ELI we have 
On the other hand, by means of Lemma 2 we have 
-xk-'(k - 2)Ey;'(x)} mod N2. 
Since the values of E',::'(x) are N-integral ([ 2, p. 39 I), we have 
Wd- I .I’-1 d-l 
\’ 
- .Yk- ‘E’,;,$(.‘(x) = \‘ 
1’ (w + tN)k-‘E”;;.‘(w + tN) 
.Y - 0 I,’ 7 0 ITO 
,5-I d-l 
E \’ \’ (byk-’ + (k - l)+p”-~‘tN)E~;‘(~> +. tN) mod N2 
,I’ = 0 
.c I d-l 
+ (k- 1)N \‘ wk-2 \‘ tE;y;)(w + tN). 
M. 1. 0 t-0 
Arguing in the same way we obtain 
hd- I rv - I 
N- 1 d-- 1 
+(k-2)N 23 Wk-3 y tEy,d'(W+tN) mod N2. 
w = 0 I _ 0 
Thus we arrive at the congruence 
x-1 N-l 
= (k - 1) \’ wk-2Jq(w) - (k - 2) x WYq~JW) 
,ZO L‘ = 0 
N-l d- I 
+(k- l)(k-- 2)N x wk-3 x t(E:li,d'(w + rN) 
w = 0 , =~ 0
- wE:$+‘(w + tN)) mod N* 
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Congruence (6) shows that 
E$y(W + fN) s (w + tN) qy(W + fN) 
Nd 
- 
mod 22 . 3 
whatever the value of w  + tN. After this we claim that 
(k - l)(k - 2) E:yf)(w + tN) s (k - I)(k - 2) wE;y;)(w + tN) 
for every w  and t. 
mod N 
Really, if N is even then d is also because D(k) is even for every k. 
Trivially, (k - l)(k - 2) is even, ‘Which together “removes” the factor 2* 
from the denominator. Further, if 3 divides N but not k, then (k - l)(k - 2) 
is a multiple of 3 (note that 3 is not always a divisor of D(k), take, e.g., 
D(9)). This yields 
(k - I)(k - 2) E$,d’(w + tN) 
z (k - l)(k - 2)(w + fN) E;y$(w + rN) 
and the congruence 
mod N, 
(w + tN) E:;$(w + fN) E wE:yf’(w + fN) mod N 
is evident. 
Thus congruence (8) can be replaced by 
(1 -Ck) ?+l)N~’ wk-5qyw) 
Iv=0 
N-l 
- (k - 2) c w”-‘E\:;(w) 
w=o 
mod NZ, 
which in virtue of (7) is the same as 
lx k-‘((I - c)B, - h,(x)B,) 
- (k - 1) ch,(x)B, -y h,(x)‘Bo mod N*. (9) 
To finish the proof we begin with the observations that the numbers 
C-1 l-c* k-l 
2 
and p. - 
6 2 
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are always N-integral. Then substituting 
h,(x)=c ($)-+ ($1 
and using Lemma 1, congruence (2) or (3) and the fact that the mapping 
ct-+c-l is a bijection on the set of rational numbers prime to N we obtain 
from (9) the assertions of our theorem. 
Our two next corollaries are related to Johnson’s congruence (5): 
COROLLARY 1. If N is an odd positive integer, c, a rational number 
prime to N and k > 4, then 
N-l 
_=C2k-I \- X2k-1 
xt1 
2k- 1 N-l 
-- 
2 
NC2k-2 y X2k-2 
L mod N2. 
x=1 
The following result generalizes immediately Johnson’s congruence (5). 
COROLLARY 2. If k > 4 and N are positive integers such that for every 
prime p dividing N we have p - 1 k2k - 2, then 
N-l 
2k- 1 N-l 
-- 
2 
NC2k-2 y X2k-2 
L-i 
x=1 
mod N2 
for every rational number c prime to N. 
In [ 1 ] Johnson used congruence (5) as a starting point for a new proof of the 
well-known congruences of Lehmer [3]. We touch this topic here only 
briefly. Johnson’s argument gives the following extension of congruence (10) 
of [3]: 
COROLLARY 3. If N > 2 is an odd integer, then 
(22k - 1) $ + (2k - 1)22k-3N2B2k-2 
SE 1 (N - ~x)*~-I mod N2. 
O<x<N/2 
(10) 
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It is easy to see how the left-hand side of (10) reduces under the 
hypotheses of Corollary 2 (or that thus obtained congruence remains true 
mod N if these hypotheses are not satisfied as pointed out in the footnote on 
p. 352 for the prime modules in [3]). 
The extension of the remaining three congruences of Lehmer (31 along 
Johnson’s ideas is left to the reader. 
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